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Performance Improvement of a Dynamically Tuned Gyroscope
Using an Input Compensator

Taesam Kang, Jang Gyu Lee, and Chan Gook Park
Seoul National University, Seoul, Korea

An improved rebalance loop of a dynamically tuned gyroscope that has annexed an input compensator to the
conventional rebalance loop is proposed in this paper. The input compensator is a simple estimator of input rates
to the gyro, which is to be subtracted from torquing command. The improved rebalance loop significantly
reduces transient torquing error, which allows higher gain and wider bandwidth loop as well as smaller tilt angle
over transient state. Thus, it contributes to the accuracy improvement and widening dynamic range of the
gyroscope. It is also shown that the stability robustness of the rebalance loop combined with the input
compensator can be recovered by adjusting the bandwidth of the input compensator. Closed-loop frequency
response analysis shows an improvement of the rebalance loop with the use of the input compensator, compared
with a conventional one, in that the ratio between input and output torque has unity magnitude as well as low
phase shift in wider range. The improved rebalance loop has been fabricated with analog devices and connected
to a real gyroscope. The experiment result is compared with that of simulation. Both of them have demonstrated
that the responses of output torque and rotor's tilt angle are considerably improved.
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Nomenclature

= inertial moment of the rotor (including gimbal)
along Xr and Yr axes

= complex conjugate transpose of B
• transpose of B
•- inverse of B
• determinant of B
• angular momentum of rotor along the Zr axis,
A xun u

= 2 x 2 identity matrix
= [MX9 My]T

= [Mix, Miy]T

•• (negative) torque effects of the input rates
along Xc and Yc axes, respectively

Mxt My = rebalance torques applied along Xc and Yc
axes, respectively

Xc, Yc, Zc = case frame
Xr, Yry Zr - rotor-referenced frame
f = damping coefficient of a dynamically tuned

gyroscope
0(s) = Laplace transform of 6
I = [0X, By]T

Oxt By = tilt (or pickoff) angles between the rotor and
the case of a dynamically tuned gyroscope

\(B) = eigenvalues of B
o(B) = maximum singular value of B = \£ax(BHB)
a(B) = minimum singular value of B = \£in(BHB)
$(s) = Laplace transform of <£
^ = [<l>x><l>y]T

</>x, <t>y = input angles along Xc and Yc axes, respectively
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cofi = cutoff frequency of the input compensator
wnu = nutation frequency = H/A
= = equal by definition

Introduction

A DYNAMICALLY tuned gyroscope (DTG) is a two-de-
gree-of-freedom gyroscope that, in principle, is based on

the negative spring effect of a rotating gimbal or gimbals.1
This DTG, the concept of which was arranged in the 1960s,
began to be developed in the 1970s, and was utilized regularly
in the 1980s, is widely accepted as a sensor for strapdown
systems.2"5'12

The DTG consists of two major subassemblies: the mechan-
ical part and the electrical part. The mechanical part consists
of a case, a rotor, and a suspension system. The electrical part
consists of a driving motor and rebalance loop that is com-
posed of pickoffs, demodulators, low pass filters, notch fil-
ters, torquers, and compensators.

The rebalance loop controls the rotor, which is a sensing
element, so that the tilt angles are kept small and the DTG is
always in operating range. The performance of the rebalance
loop plays an important role in determining the accuracy and
the operating range of a DTG.

In a strapdown system, the DTG is mechanized as a sensor
by using a regulator (or rebalance) loop to apply torques to the
gyro rotor so that the angle between the rotor spin axis and
gyro case (tilt angle) is nulled. The torque required to maintain
null is proportional to the inertial rate that is applied to the
gyro case when it is assumed that the null condition is re-
tained. The dynamic errors of a DTG are directly affected by
the magnitude of the tilt angle over transient state.8'9

Therefore, the strapdown system requires a good rebalance
loop design to reduce the transient dynamic errors and to
obtain a wide operating range. For a good performance, it is
desired to have a low noise, robustly stable, wide bandwidth
loop with regard to output torque vs input torque with low
phase shift as well as unity magnitude and small tilt angle over
transient state to reduce the dynamic errors.

Briggs7 suggested a simple rule to design a stable rebalance
loop for a general two-degree-of-freedom gyroscope. Digital
control of a DTG is suggested by Steel and Puri14 and Coff-
man.6 Recently, Constancis and Sorine15 applied linear
quadratic Gaussian (LQG) methodology to design a rebalance
loop and showed by simulation and experiment that a wide
bandwidth rebalance loop can be achieved.

Previous works6'7'14 in designing a rebalance loop consid-
ered the input rates to the DTG as external disturbances that
are to be compensated through feedback. LQG design is some-
what complex to be implemented in an analog system.

This paper proposes an input compensator to precompen-
sate the disturbance effects of the input rates of the DTG by
including it in the rebalance loop, extending the bandwidth of
the rebalance loop wider than a simple proportional, integral,
derivative (PID) controller can do while it retains the stability
robustness of the loop. This design method is somewhat like
LQG15'16 or LQG/loop transfer recovery (LTR)10 methodolo-
gies. But the structure of the proposed method is simpler than
that of an LQG or LQG/LTR based rebalance loop, which
enables simple analog implementation. The idea of adding an
input compensator to the rebalance loop is primarily devel-
oped for DTG in this paper. However, the idea can be ex-
tended easily to any gyroscope including a single-degree-of-
freedom (SDF) gyroscope.13 The performance improvement
of DTGs employing the input compensator is verified through
frequency response analysis, simulation, and experiment with
the Seoul National University (SNU)-DTG, which is designed
and fabricated at Seoul National University.5

Dynamically Tuned Gyroscope Model
A schematic of the sensing part of the DTG and coordinate

frames are shown in Fig. 1. The Xc Yc Zc set is the case frame
that is fixed to the case of the DTG. The Zc axis coincides with

Z r

X c , X r

' Fig. 1 Definition of the coordinate frames.

Zr

V *T^ oAc Oy

Fig. 2 Definition of the tilt angles.

the spin axis of the shaft, which is connected to the rotation
axis of the driving motor. The coordinate set Xr Yr Zr is the
rotor-referenced frame. Axes Xr and Yr are on the plane of the
rotor (not fixed to it) and the Zc axis coincides with an instan-
taneous rotor spin axis. Note that the rotor-referenced frame
does not spin with the rotor along the Zr axis. The instanta-
neous attitude of the DTG's rotor with respect to the case
frame is specified by the tilt angles 6XJ 6y, as shown in Fig. 2.

When small tilt angles (less than 0.5 deg), symmetrical struc-
ture, tuned condition, and low damping are assumed and
small error terms are ignored, the dynamic equation that
describes a DTG input-output relationship in Laplace trans-
form is given by the following equations6'9:

where

G,, __i__ r s -wnui
A (s2 + 2fanus + o4) L "nu s J

(1)

(2)

Equations (1) and (2) are used as a DTG model to design a
rebalance loop. In SNU-DTG, A, conu, and f are 4.67305 x
10~5 kgm2, 764.2009 rad/s, and 1.4 x 10~3, respectively. The
spin frequency is 418.9 rad/s.

Design of a Rebalance Loop Using an
Input Compensator

General rebalance loop design methods can be found in
other works.5'7 In this section, the noninteractive-control-
based rebalance loop design using the PID scheme will be
briefly explained first, and then the improvement of the rebal-
ance loop using an input compensator will be proposed, which
is the main subject of this paper.

The noninteractive control uses the well-known principles
of noninteraction,6 in which the matrix of the open-loop trans-
fer function is decoupled. In DTG rebalance loop design, this
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principle can be applied simply by inserting the circuit given by
Eq. (3) in the rebalance loop, which in fact acts as a nutation
damping circuit:

(3)

Now, the DTG system with decoupling circuit inserted can be
assumed to be two independent single-input, single-output
(SISO) systems and a standard SISO control scheme can be
applied. But the complete decoupling is impossible; therefore,
the final check for stability must be done with the undecou-
pled model.

In common DTG designs, the tilt angle signal is modulated
on a carrier. The modulated signal must be demodulated and
low pass filtered to retrieve the tilt angle and attenuate the
carrier. To reduce gyro spin frequency noise, a notch filter is
used or bandwidth is limited.

In SNU-DTG, the carrier signal is a 38.4-kHz sine wave and
a low pass filter of bandwidth about 200 rad/s is used. The 5
term in the decoupling circuit is approximated by dn(s), which
acts as a derivative operator in low-frequency range, which is
the pass band of the DTG, and rejects high-frequency noises
including the carrier signal:

[(5/3000)+ 1] [(s 74000)+ 1] (4)

Figure 3 is a simple block diagram of the rebalance loop of
the SNU-DTG. In the figure, the dotted part is the input
compensator block, which will be explained later. At this
point, we will start with the part of the PID scheme rebalance
loop. The low-pass filter Gf(s) and the PID compensator
Gc(s) used in the SNU-DTG rebalance loop are

Gf(s) =

GC(s) = *(*?**+kdd(s)

(5)

(6)

where k = 8, «/ = 200 rad/s, f / = 1.247, ri = 0.1, r2 =
1.1805 x 10-4, kd = 0.001, and d(s) is given in Eq. (7):

1
[(5/500)+ l][(s/6667) + 1] (7)

For open-loop frequency analysis, the path between 6X and
the compensator Gc(s) is broken. Figure 4 is the open-loop
bode plot. Figure 5 is the closed-loop frequency response

Input Rate TittAng|e

Output Feedback Controller

Fig. 3 Block diagram of the rebalance loop with the input
compensator.

between j>y and Mx. In both cases, the responses of the other
axis are similar. In the figures, the straight lines represent PID
scheme frequency responses and the dotted lines represent the
improved frequency responses using input compensator whose
descriptions follow. Figure 4 shows that the gain and phase
margin of the PID-based rebalance loop is about 15 dB and 65
deg, respectively.

Now, we design an input compensator and attach it to the
existing rebalance loop to improve its performance. The
torques that are the outputs of rebalance loop and the input
rates that are measured by a DTG are the main factors that
dominate the motion of the DTG's rotor. The input rates act
as disturbances to the rebalance loop. However, the distur-
bance effects of the input rates can be eliminated with the
design of an input compensator, which is explained later.
When the disturbance effects of the input rates are eliminated,
the rotor acts as if there were no input rates, i.e., the rotor acts
as if there were no disturbances and an ideal regulator or an
ideal rebalance loop is realized.

In the first step, an "input observer," which is described in
Eq. (8), is generated by simply reformulating Eq. (1):

$(s) = Gs(s)M(s) - Q(s) (8)

Since M(s) is the output of rebalance loop, and A , f, and conu
are the design parameters of the DTG rotor, Eq. (8) can be
solved for $(s) by simply differentiating the tilt angle 0(s).
The $(s) can be obtained using an optimal filter or the other
observers, but the structures of them are somewhat complex to
be implemented with analog devices.

Let MJ(S) be the (negative) torquing effect of the input rate
applied to DTG along the Xr and Yr axes. To see the torquing
effect from the DTG input, if we assume that 9(s) is zero and
ignore the rotor damping f in Eq. (8), M/(s) can be obtained

~-2 0 2frequency in log scole(rad/sec)

0 2
frequency in log scale(rad/sec)

Fig. 4 Open-loop frequency responses.
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Fig. 5 Closed-loop frequency responses.
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by solving for M(s). They are summarized in the following
equation:

MI(S) =

where

As H
-H As

Equations (8-10) can be rewritten in a simple form:

I = M(s) - G, (5)6(5)

(9)

(10)

(11)

Equation (11) provides the basis for designing the input com-
pensator, and it is depicted in Fig. 3 in block diagram form. In
the figure, M/(s) is the true torque effect of input rate,
whereas M/(s) is an estimate of M/(s) obtained from the input
observer. To calculate 0(s) from 0(5), a differentiator block
D(s) s d(s)I is added. In other words, since the tilt angle 0 is
measured and the derivative of it is not measured directly from
SNU-DTG, 0(s) is approximated by D(s)Q(s).

Without the input compensator, the transfer function T(s)
between $(s) and 0(s) is given by

T(s)= -- (12)

Noting the block symmetric property of the DTG system,16 the
closed-loop transfer function including the input compensator
is given by Eq. (13):

Tc(s) = --s

xlI-Gf(s)Gfl(s)]

where

E(5) = Gf(s)Gn(s)( Gs(s)Gf(s)
D(s) -I

(13)

(14)

In the equations for the input compensator, Gfi(s) is a low
pass filter inserted for noise reduction. It also contributes to
the stability of the rebalance loop with input compensator,
which will be explained later. The Gf[(s) used in the SNU-DTG
rebalance loop is

1
2(ffl/cori)

(15)

where ffi = 1.2 and con = 200 rad/s. The damping coefficient
ffi can be used to shape the response of the input compensator.
In realizing G/(s), the term As is also approximated by Ad(s).
In fact, the magnitude of the term As is very small compared
with that of the term //in low-frequency range, and therefore,
the term As can be ignored from G/(s).

In the low-frequency range, Gf(s) and Gfi(s) are approx-
imately equal to / and G/(s)G5(s) is also approximately /,
which implies that the ratio between Tc(s) and T(s) is approx-
imately zero in the normal operating range of a DTG, which
says that the input compensator eliminates disturbance effects
of input rates more effectively compared with the conven-
tional PID loop. For stability, Gn(s) should be designed that
the magnitude of E(s) be small compared with that of [G5(s)7
s]G/(s)Gc(s) in the high-frequency range where the approxi-
mations employed in designing the input compensator do not
hold, which makes the total loop satisfy stability conditions.
For this reason, the pass band of Gfi(s) should be less than that
of D(s). In the meantime, the other controller (PID con-
troller) maintains stability, i.e., it extenuates remaining distur-
bances which have not been eliminated by the input compensa-

tor due to parameter errors and the other noise. Again, Figs.
4 and 5 show the open-loop and closed-loop frequency re-
sponses, respectively. Figure 4 shows that the proposed loop
has higher gain in the performance region of the DTG and
approximately the same in the high frequency region with little
stability degradation, which enables higher gain, wider band-
width loop, as well as smaller tilt angle over the transient state
to be achieved beyond those that are possible with a simple
PID controller, improving the performance of a DTG. Figure
5 also shows the performance improvement of the loop with
the input compensator, compared with the PID based one, in
that the ratio between input and output torque has unity
magnitude and low phase shift in a wider region.

Effect of the Input Compensator on Stability
After an input compensator is employed in the rebalance

loop, stability robustness of the rebalance loop should not be
damaged because of the input compensator. In this section,
the effect of the input compensator on stability robustness of
the rebalance loop and the conditions that the stability be
retained are presented.

Consider a perturbed system Gp(s) as follows:

(16)

where E(s) is a perturbation term, which is restricted as

i] < A/Yco), 0 < co < oo (17)

Assume that 1) G(s)[I + G(s)]~l is stable; 2) Gp(s) in Eq. (16)
remains to be a strictly proper finite-dimensional linear time-
invariant system and Gp(s) has the same number of unstable
modes as G(s); 3) G(s) has no pole on the imaginary axis,
except the zero point, of the complex plane; and 4) E(s) is
continuous.

Let's first find the condition that the stability of the per-
turbed system be retained. Under these conditions, the follow-
ing lemma holds.10

Lemma 1: The closed system Gp(s)[I + Gp(s)]~l is stable if

for all o> * 0

ii) lim g[I + G(reje)] > lim M(co), (- 90 deg < 0 :
r—O co—0

(18)

; 90 deg)
(19)

Proof: According to the multivariable Nyquist criteria,10'11

the condition for the stability of the system G(s)[/ + G(s)]-1

is that the encirclement count of the map det[/ + G(s)], evalu-
ated on the standard Nyquist D contour, be equal to the
(negative) number of unstable open-loop modes of G(s).

Similarly, for the system Gp(s)ll + Gp(s)]~l to be stable,
the number of encirclements of the map det[/ + Gp(s)] must
equal the (negative) number of unstable modes of Gp(s),
however, this number is the same as that of encirclements
of det[/ + G(s)]. Hence, the stability condition of
Gp(s)ll + Gp(s)]~l is satisfied if and only if the number of
encirclements of det[/ + Gp(s)]~l remains unchanged for all
Gp(s) allowed by Eqs. (16) and (17). This is assured if and only
if det[/ + Gp(s)] remains nonzero as G(s) is warped continu-
ously toward Gp(s), i.e.,

(20)

for all 0 < e < 1, all s on the D contour, and all E(s) satisfying
Eq. (17). Since Gp(s) vanishes on an infinite radius segment of
D contour, Eq. (20) is equivalent to Eq. (21):

det[/ * 0

lim det[/ + eE(reje) + G(reje)] * 0
r-O

(21)
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for all 0 < e < 1, all co ̂  0, all E(s) satisfying Eq. (17), and all
- 90 deg < 0 < 90 deg. This is satisfied if

0.0014-
^0.0012:
8 0.001-

lim a[7
r-O

G(reJe)]>\\m a[E(reje)] (22)

for all o> * 0, all E(s) satisfying Eq. (17), and all - 90 deg <
6 < 90 deg. Equations (17) and (22) prove the lemma.

Now, the stability of the rebalance loop with the input
compensator can be proved. Assume that the rebalance loop
without the input compensator is stable. The following theo-
rem proves the stability.

Theorem 1: The stability of the rebalance loop with the
input compensator given by Eqs. (13) and (14) is kept if

(23)i) ol
~

ii) lim a 7 +
r-O

Gf(reJ6)Gc(reJe) > lim a[E(/w)] (24)
co-0

and
for all w ^ 0 and all - 90 deg < 0 < 90 deg.

Proof: Let G(s) = [Gs(s)/s]Gf(s)Gc(s),
M(w) = a[E(/a>)]- Then, lemma 1 proves the theorem.

For practical purposes, it is the stability robustness rather
than stability itself that is important. Now it will be shown
that the stability robustness of the loop with the input com-
pensator can be retained or recovered by adjusting the band-
width of the low pass filter Gfi(5-). In Eqs. (12) and (13), the
terms

and

7 + S

determine the stability robustnesses of the PID controller loop
and that of the proposed loop, respectively. But these terms
can be made approximately equal by limiting the bandwidth of
the Gfj(s) less than that of D(s) as explained before. This is
somewhat like loop transfer recovery in LQG/LTR methodol-
ogy as far as stability robustness is concerned. Figure 4 shows
that the stability robustness is recovered as the bandwidth of
the Gfi(s) is limited. In the figure, the gain of the loop with the
input compensator is greater than that of the PID loop in the
low-frequency range, which is the performance region of the
DTG. But they are approximately equal in the high-frequency
region where stability of the loop is determined. Therefore,
the performance of the loop is improved with little stability
robustness degradation.

Experiment and Simulation Results
The performance improvement of the proposed loop is af-

firmed through simulation and experiment with analog cir-
cuits using the SNU-DTG.

An experimental input compensator is designed and in-
cluded in the analog rebalance loop of the SNU-DTG in order
to affirm the improvement of the rebalance loop. The step
input rate of -2.5 deg/s applied along the Xc axis is used as
a test input. Figure 6 compares the tilt angle response of PID
loop and that of the proposed loop. In the SNU-DTG, the tilt
angle is modulated on a carrier of a 38.4-kHz sine wave, as
explained before. Therefore, a demodulator and a low pass
filter are used to retrieve the signal of the tilt angle. The figure
shows that the proposed loop cancels out the disturbance
effect of the input rate; consequently, the tilt angle is kept very
small compared with that of the conventional PID loop. This
affirms the performance improvement of a DTG by reducing
dynamic errors in a real environment. A little remnant shown
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x:PD
+ : input compensator

0 0.2 0.4. . , 0.6 0.8time(s)

Fig. 6 Step responses (experiment).
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Fig. 7 Step responses (simulation).

in the figure is due to the low pass filters inserted for noise
reduction and approximations of 0(5) and G/(s) in the loop.
The oscillations, which could be occurring in the proposed
loop response, can be reduced by adjusting the damping coef-
ficient of the low pass filter Gfi(s). The oscillation becomes
smaller as the damping coefficient becomes larger.

Simulation tests are also included in the paper in order to
compare the proposed scheme with the LQG scheme. The
same test input used in the experiment is applied. Figure 7
shows the tilt angle and output torque responses of the PID,
the PID with the input compensator, and LQG rebalance
loops. The bandwidth of the LQG rebalance loop is adjusted
to be the same as that of the proposed loop. The simulation
result also shows that the tilt angle of the proposed loop is
much smaller than that of the PID loop, as expected. The
slight difference between experiment and simulation is mainly
due to the low pass filter, which is used to retrieve the tilt angle
signal. The figure also shows that the output torque of the
proposed loop reaches the input rate much faster than the PID
loop. This demonstrates the performance improvement of the
proposed loop. In the figure, the LQG rebalance loop also
works well, but the LQG loop is somewhat complex to be
implemented in an analog system. On the other hand, the
performance of the PID rebalance loop with the input com-
pensator is approximately equal to that of the LQG loop, and
the structure of the former is simpler than that of the latter.
Therefore, it can be concluded that the rebalance loop of the
PID with the input compensator is the best to implement an
analog rebalance loop of a DTG.

Conclusions
An input compensator improving the performance of the

rebalance loop of dynamically tuned gyroscopes has been
devised, and it is illustrated that the compensator can improve
the transient response of the rebalance loop. The main idea is
that, in the conventional rebalance loop using a PID con-
troller, the input to a gyroscope is treated as external distur-
bance; however, the input can be estimated and compensated,
thus removing its effect in the rebalance loop. That is what the
input compensator does, which allows a higher gain and a
wider bandwidth loop as well as a smaller tilt angle over the
transient state beyond those that are possible with a simple
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PID controller. The open-loop frequency response showed
that the loop with the input compensator has large gain in the
performance region, improving performance of it while it has
a small one (approximately equal to that of PID alone), keep-
ing the stability robustness of the complete loop. The closed-
loop frequency response showed that the proposed loop has
better (torque) input/output response in that it has unity mag-
nitude as well as low phase shift in a wider region compared
with the conventional PID loop. Next, the condition that the
annexed input compensator does not break the stability of the
complete loop is proved and it is also shown that the stability
robustness of the loop with the input compensator can be
retained or recovered by adjusting the bandwidth of the input
compensator, solving the stability robustness problem when it
is to be used in a real environment. The input compensator can
be applied also to a single-degree-of-freedom gyroscope to
improve its performance. The experiment result of the pro-
posed rebalance loop applied to a real gyroscope has demon-
strated its performance improvement because the input com-
pensator effectively eliminates disturbance effect of input
rate. In simulation, the step responses of the rebalance loops
of PID, PID with input compensator, and LQG are com-
pared. The simulation result has also demonstrated the perfor-
mance improvement of the proposed loop. The LQG loop is
complex, whereas its performance is similar to the much sim-
pler proposed rebalance loop. In conclusion, a rebalance loop
combining PID and the input compensator is the most recom-
mendable for a dynamically tuned gyroscope.
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